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Abstract

Distillation attacks are used to steal the reasoning
capabilities of proprietary Large Language Mod-
els (LLMs), allowing malicious actors to replicate
state-of-the-art model performance at low cost.
These attacks steal reasoning by systematically
gathering a large volume of frontier model rea-
soning traces and training LLMs on them using
distillation, potentially followed by further train-
ing with reinforcement learning (RL). Although
training pipelines combining distillation and RL
are increasingly common, conflicting results exist
comparing the effectiveness of RL and distillation
as standalone techniques for improving a model’s
reasoning capabilities, obscuring the source of
the value of frontier model reasoning traces in
pipelines for stealing reasoning. This work recon-
ciles this conflict by demonstrating that RL outper-
forms distillation in improving a model’s ability
to solve reasoning problems in a single attempt,
but that distillation is a more efficient way to ex-
pand a model’s reasoning boundary, increasing
the complexity of the problems it can solve when
given multiple attempts. Theoretically, this is ex-
plained by distillation being mode-covering while
RL is mode-seeking. We conclude by demonstrat-
ing that defenses against stealing reasoning must
evaluate a distilled model’s performance at its rea-
soning boundary, which indicates its performance
ceiling after potential subsequent RL training.

1. Introduction

In early 2025, DeepSeek-R1 demonstrated that a Large
Language Model (LLM) could outperform those trained by
existing industrial labs for the first time (Guo et al., 2025a).
This led to allegations accusing DeepSeek of using informa-
tion obtained from prior state-of-the-art models to improve
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its performance (Metz, 2025; Sweney & Milmo, 2025), alle-
gations which were later rebutted (Guo et al., 2025b; Gibney,
2025), and then resurfaced again (Anthropic, 2026; Google,
2026; Seetharaman & Aramburo, 2026). These allegations
represent the first instance of a distillation attack, an in-
creasingly prevalent technique for stealing reasoning from
frontier closed-source LLMs (Trockman & Savani, 2026).
Distillation attacks execute targeted campaigns against the
APIs of proprietary LLMs to systematically collect large
quantities of their reasoning traces. With the aim of steal-
ing their uniquely powerful reasoning capabilities at low
cost, other LLMs are subsequently trained (i.e distilled) on
these traces, potentially followed by further training through
reinforcement learning (RL). These attacks, as illustrated
in Figure 1, also pose security risks, allowing malicious
actors to access powerful Al models without built-in safety
guardrails (Trockman & Savani, 2026). This is particularly
the case with the rise of Agentic Al, as powerful reasoning
models can autonomously execute malicious objectives at
scale (Google, 2026; Trockman & Savani, 2026).

Defenses against distillation attacks operate at two levels,
both of which recognize that reasoning traces generated for
attacks are difficult to distinguish from those in normal use
cases. Defenses at the API level aim to detect abnormal
traffic patterns and prevent malicious actors from amassing
large quantities of high-quality reasoning traces (Anthropic,
2026; Google, 2026). Defenses at the model level aim to
make reasoning traces less effective for use in pipelines
that steal reasoning, without affecting normal use cases (Sa-
vani et al., 2025; Xu et al., 2026). Model-level defenses
include obfuscating full reasoning traces via summarization,
which is used on most commercial Al platforms, as well
as more recent attempts to apply imperceptible perturba-
tions to model output tokens (Savani et al., 2025; Xu et al.,
2026). Evaluating the effectiveness of these model-level
defenses is the focus of this work, and doing so requires a
clear understanding of the training pipelines used to steal
reasoning.

Distillation improves the performance of a student model
by training it to match the outputs of a more capable teacher
model (Hinton et al., 2015) and is widely considered to ef-
fectively improve a model’s reasoning ability (Guo et al.,
2025a; Yang et al., 2025). RL is a different training method
that trains a model by generating responses to difficult ques-
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Figure 1. Tllustration of distillation attacks for stealing reasoning, inspired by a similar figure in Google (2026).

tions and rewarding the model when it answers them cor-
rectly (Guo et al., 2025a; Zeng et al., 2025). The reasoning
performance of an LLM is often evaluated on reasoning
tasks using pass @k metrics (Chen et al., 2021), which cal-
culate the percentage of questions in a dataset that a model
answers correctly at least once in the k attempts it is given
for every question. The pass@1 performance of a model
measures how reliably it produces the correct answer in a
single attempt, and is effectively its accuracy. This is also ar-
guably the metric that pipelines to steal reasoning ultimately
seek to increase. In contrast, for large k, pass@¥k perfor-
mance reflects a model’s reasoning boundary (Yue et al.,
2025), indicating the limits of its ability to solve problems
requiring reasoning.

Recent research has demonstrated that training with distilla-
tion followed by RL effectively improves LLMs’ reasoning
capabilities (Guo et al., 2025a; Yang et al., 2025; Liu et al.,
2025b; Bercovich et al., 2025; Luo et al., 2025b;a), but con-
flicting results exist when comparing the two approaches as
standalone techniques. Some studies report that distillation
outperforms RL on pass@1 evaluations Yue et al. (2025);
Hu et al. (2025), whereas others report the opposite Chu
et al. (2025); Huan et al. (2025). Further, Guo et al. (2025a)
observes both results at different model sizes. This con-
flict obscures the value of the reasoning traces of proprietary
models in pipelines for stealing reasoning, which is essential
to understand in order to both develop and evaluate effective
defenses against stealing reasoning.

This work begins by articulating the conflicting results that
exist in the literature when RL and distillation are com-
pared as standalone techniques for improving the pass@ 1
reasoning performance of LLMs. Following the approach in
similar work (Guo et al., 2025a; Yue et al., 2025; Chu et al.,
2025), RL and distillation are compared on math reasoning
tasks. These tasks are selected for their structured, verifiable
solutions, which are necessary both for pass@#k evaluations
and for defining a reward signal for RL training. Using this
framework, we make the following key contributions:

* We demonstrate that RL consistently outperforms distil-
lation at improving a model’s pass@ 1 math reasoning
performance, reconciling conflicting observations that
exist in current literature.

* We confirm that, despite this difference, distillation
consistently expands a model’s reasoning boundary.
This indicates that the value of proprietary reasoning
traces lies in their ability to efficiently expand the rea-
soning boundaries of student models through distilla-
tion.

* We offer a theoretical explanation for these results,
demonstrating that they stem from the RL and distil-
lation losses being mode-seeking and mode-covering,
respectively. Mode-covering behavior can cause distil-
lation to spread more probability mass across incorrect
completions, lowering its pass@]1 relative to RL, but
also to place more probability mass on correct comple-
tions that previously had very little mass, often increas-
ing its pass@F relative to RL.

Building on these findings, we demonstrate that de-
fenses against stealing reasoning must be evaluated
against the full distillation-then-RL pipeline. This
includes additional evaluations of student models on
pass @k metrics, which, unlike pass@1 alone, better
indicates the distilled model’s post-RL performance
ceiling.

2. RL and Distillation for Improving
Reasoning

Distillation on the outputs of a teacher model to improve a
student LLM’s reasoning ability is most frequently done at
the sequence level (“sequence knowledge distillation”, Kim
& Rush (2016)) with supervised finetuning (SFT) (Ouyang
et al., 2022; Guo et al., 2025a; Yang et al., 2025). This is
unlike typical knowledge distillation, where the student has
access to the teacher’s entire output distribution (Hinton
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Table 1. Settings for the comparison of models trained with RL and distillation. All models are from the Qwen2.5 family, and all RL and

teacher models are trained with the SimpleRL-Zoo framework.

SETTING BASE MODEL RL MODEL TEACHER

0.5B QWEN2.5-0.5B QWEN2.5-0.5B-SIMPLERL-Z00 QWEN2.5-1.5B-SIMPLERL-Z00
1.5B QWEN2.5-1.5B QWEN2.5-1.5B-SIMPLERL-Z00 QWEN2.5-7B-SIMPLERL-Z00
7B QWEN2.5-7B QWEN2.5-7B-SIMPLERL-Z00 QWEN2.5-14B-SIMPLERL-Z00

MATH-7B QWEN2.5-MATH-7B  QWEN2.5-MATH-7B-SIMPLERL-Z00

QWEN2.5-14B-SIMPLERL-Z00O

et al., 2015). Reasoning traces, particularly those generated
from proprietary models, only contain the output tokens of
the teacher, with no information on the model’s logits.

RL to improve reasoning is often done using GRPO (Shao
et al., 2024a; Guo et al., 2025a; Zeng et al., 2025), where
multiple answer trajectories from the model being trained
are sampled. Correct answers are up-weighted while in-
correct answers are down-weighted, leading to the model
learning to output correct answers.

A consensus emerging in recent literature is that training
pipelines should enhance the reasoning capabilities of LLMs
by first distilling them on existing reasoning traces and
then further training them with RL, potentially repeating
this process several times (Guo et al., 2025a; Yang et al.,
2025; Liu et al., 2025b; Bercovich et al., 2025; Luo et al.,
2025b;a). Accordingly, several works show that distillation
makes subsequent RL training more effective (Guo et al.,
2025a; Yang et al., 2025; Narayanan et al., 2025; Liu et al.,
2025b; Chu et al., 2025), with some arguing that it initial-
izes the LLM with desirable behaviors that RL can more
readily reinforce. Narayanan et al. (2025) further argues that
both steps are important for developing an LLM’s reason-
ing abilities, including in novel domains such as chemistry
(Narayanan et al., 2025). Various results support these con-
clusions, demonstrating clear performance improvements at
each stage of training pipelines that include RL and distil-
lation (Narayanan et al., 2025; Guo et al., 2025a; Liu et al.,
2025b). It is thus likely that distillation attacks would exploit
a similar training pipeline to steal reasoning, first using SFT
over the reasoning traces of frontier models, followed by
subsequent RL training. However, current defenses against
stealing reasoning are not evaluated with respect to the full
distill-then-RL pipeline (Savani et al., 2025; Xu et al., 2026;
Li et al., 2025), thereby implicitly assuming that any ob-
served degradations would persist after RL training.

Furthermore, despite this consensus on using both distilla-
tion and RL to improve reasoning, conflicting results exist
when comparing the two training schemes as stand-alone
methods to improve a model’s pass@1 performance on rea-
soning tasks. Several considerations support the intuition
that distillation, given access to teacher reasoning traces,
should outperform RL. Practically, distillation requires sub-
stantially less training compute than RL (Yang et al., 2025),

making it the cheaper option for an attacker to scale up.
Theoretically, learning from teacher trajectories provides
a denser per-sample signal than RL’s binary correctness
reward, which has been argued to yield better sample effi-
ciency (LeCun, 2016; Schulman & Lab, 2025). Furthermore,
if the teacher is a frontier model, distillation may transfer
capabilities derived from expensive proprietary training data
that an attacker does not have access to themselves.

However, the empirical picture in the literature is mixed.
Several studies support the conclusion that distillation out-
performs RL (Yue et al., 2025; Hu et al., 2025), with Guo
et al. (2025a) explicitly observing this in 32B models, but
other work reaches contradictory conclusions. In the same
paper, Guo et al. (2025a) note that in the training pipeline for
larger models, RL outperforms distillation on pass@ 1 math
reasoning tasks, and Chu et al. (2025); Huan et al. (2025)
find RL achieves both stronger pass@ 1 performance and
better generalization compared to distillation alone. These
conflicting conclusions obscure the mechanism by which
reasoning ability transfers from teacher to student models
in pipelines to steal reasoning through distillation. In par-
ticular, if RL outperforms distillation in increasing pass@ 1
performance on reasoning tasks, the value of distillation in
pipelines to steal reasoning is unlikely to be purely increased
pass@1 performance. Instead, the value would be that distil-
lation increases the performance ceiling of student models
after RL training. Crucially, defenses evaluated solely for
their ability to reduce pass@ 1 performance after distillation
may prove ineffective after subsequent RL training.

3. Methodology for Comparing RL and
Distillation

To disambiguate the performance differences between RL
and distillation as training methods for improving reasoning,
this work compares them in carefully controlled settings,
isolating their effects on representative open-source base
models of varying sizes. We introduce our methodology
first here, and present and interpret the results in Section 4.

Our experiments use the Qwen2.5 family (Qwen et al., 2025)
of models, chosen for its range of scales and its base models’
strong math reasoning relative to similar-sized open-source
alternatives such as Mistral-v0.1-7B (Jiang et al., 2023) and
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Figure 2. Comparison of base models trained with RL and distillation in the 4 settings shown in Table 1, reporting accuracy as an average
over the GSM8K, Minerva and MATHS500 datasets. RL-trained models outperform distilled ones in all settings except the Math-7B outlier.
This outlier is caused by RL reinforcing a unique and undesirable pattern in this particular base model, which predominantly reasons with
Python code. In contrast, distillation does not reinforce this pattern (see Appendix A.7 for details).

Llama-3.1-8B (Grattafiori et al., 2024). Strong base models
are required for the RL comparison, since RL is constrained
by the base model’s initial distribution (see Section 5.1).

Four settings comprising models at scales from 0.5B to 7B
are implemented for this comparison. Each setting includes
a base model, a teacher model, and the variant of the base
model trained with RL, with details for each one shown
in Table 1. The RL-trained variant of each base model is
chosen from SimpleRL-Zoo (Zeng et al., 2025), selected
for its open access and clearly documented training pipeline
with state-of-the-art results. Larger RL-trained models from
the same work are used as teachers in distillation. The
base model in each setting is then trained with distillation
on outputs generated by each teacher model. The teacher
generates reasoning traces from the same questions used in
RL training, so that the two training methods use identical
problems. Full details of the parameters used in distilla-
tion, as well as the ablations performed to ensure that the
results were not affected by design choices, are presented in
Appendices A.1 and A.2.

To reconcile conflicting observations in recent literature and
to serve as a key indicator of a model’s reasoning perfor-
mance, RL and distillation are first compared for improving
a model’s pass@1 performance on math reasoning tasks.
All models from each setting are evaluated on math datasets
in the same way as in Zeng et al. (2025), using the same
prompts as during RL training of each base model for a
fair comparison, and with no in-context examples. Perfor-
mance for all models is reported as an average of the pass@ 1
accuracy over the GSM8K (Cobbe et al., 2021), Minerva
(Hendrycks et al., 2021), and MATHS500 (Lightman et al.,
2023; Zeng et al., 2025) datasets. Models are evaluated with
a temperature of 7' = (. Further details on the evaluation

framework are provided in Appendix A.3.

To investigate the effects of RL and distillation on a model’s
reasoning boundary, experiments akin to those in Yue et al.
(2025) are performed on models of all sizes, calculating their
pass@Fk accuracy on the MATHS00 dataset with values of k
up to 128, using a temperature of 7' = 1. Further evaluation
details are available in Section A.3.

4. Results of Comparing RL and Distillation
4.1. RL vs Distillation’s Impact on a Model’s Accuracy

Figure 2 shows that base models trained with RL consis-
tently outperform those trained with distillation at all tested
scales, save for the notable outlier of the Math-7B setting,
which is explained below.

The outlier in setting Math-7B uses the base model Qwen2.5-
Math-7B, which was also used in Yue et al. (2025) to con-
clude that distillation outperforms RL at all pass @k metrics,
including pass@1. Further investigation reveals that this
base model predominantly reasons about answers in Python,
a pattern that is not predominant among the other tested
base models. While distillation removes this behavior com-
pletely, since the teacher does not reason with Python, RL
training with two different frameworks (Zeng et al., 2025;
Liu et al., 2025a) fails to. This leads the RL-trained model
to rely primarily on a suboptimal reasoning pattern: solv-
ing problems in Python and hallucinating the code’s output.
This allows the distilled model to outperform the RL-trained
one in this setting. RL training on other base models, where
Python reasoning is not predominant, does not suffer from
the same problem. Details of the results demonstrating this
are shown in Appendix A.7.
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Figure 3. Pass@Fk accuracy (%) on MATHS500 of the base, distilled, RL, and teacher models across the model sizes in Table 1 (omitting
the Math-7B model outlier), done with a temperature of 7' = 1, sampling 256 answers to each question, and plotting £ on a log scale. In
all cases, RL improves the pass@1 accuracy of the base model more than distillation, but unlike RL, distillation consistently expands the

models’ reasoning boundaries.

These results also indicate that for RL to outperform distil-
lation, the base model must already place non-trivial prob-
ability mass on desirable correct answers, since RL rein-
forces correct answers sampled from the base model. This
is further discussed in the theoretical exploration offered in
Section 5.1. Experiments investigating how this manifests
in other base models are left to future work. This may be
of particular interest in base models of other model families
that have much worse initial math reasoning performance.

In addition to the results provided for models in the settings
shown in Table Table 1, Appendix A.4 presents initial results
for 14B and 32B models.

4.2. RL vs Distillation’s Impact on a Model’s Reasoning
Boundary

Figure 3 shows the results for the pass@Fk evaluations of
models across all model sizes. The results show that the RL
model outperforms the distilled model for small k. They
further demonstrate that distillation consistently expands
the reasoning boundary of the base models, even in the 7B
setting when RL fails to do so — a setting more representative
of larger-scale models and distillation attacks. This shows
that distillation is a more efficient and reliable way to expand
a model’s reasoning boundary.

RL does expand the reasoning boundary of base models
in the 0.5B and 1.5B settings, consistent with work that
clarifies there are certain conditions that allow this to occur
(Zhang et al., 2025b), despite other claims to the contrary
(Yue et al., 2025). However, this comes at the much higher
cost of RL training, and is only observed in the smaller
models.

Pass @£ experiments for all models on the GSM8K dataset
are shown and discussed in Appendix A.S, where the results
indicate that pass@¥k comparisons need questions on which
the base model’s reasoning boundary has room to expand,
so that distillation and RL can be useful.

5. Why does RL Outperform Distillation?

The following section offers a theoretical explanation of
the performance differences between RL and distillation
observed in our experiments. An alternate hypothesis, which
proved wrong, is discussed in Appendix A.6.

5.1. Performance Differences are due to Mode-Seeking
vs Mode-Covering Losses

RL outperforming distillation is surprising for several rea-
sons. Sequence-level distillation (Kim & Rush, 2016) is a
form of supervised learning, which is typically considered
more efficient than RL. Concretely, from an information
theory perspective, RL from binary rewards has been argued
to provide only O(1) bits per episode, whereas supervised
learning gives tens to thousands of bits per sample (LeCun,
2016; Schulman & Lab, 2025). Moreover, some works have
empirically shown cases where distillation outperforms RL
(Guo et al., 2025a; Yue et al., 2025).! Thus, why does RL
outperform distillation?

A different perspective that explains these results comes
from probabilistic inference; we first give high-level intu-
ition and then some more precise results. First, note that dis-

'We discuss why some demonstrated results from the literature,
specifically instances where distillation outperforms RL, fail to
hold more generally in Appendix A.7.
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Figure 4. Relative to a perfect teacher, RL is mode-seeking while
distillation (dashed) is mode-covering. Green regions represent
correct answers, red represents incorrect. Probability densities are
presented unnormalized. In practice, RL is more limited by the
initial distribution of the base model (dotted) being trained than
distillation.

tillation is also a form of RL, corresponding broadly to off-
policy reinforcement learning, more specifically to imitation
learning, which, in the case of sequence-level knowledge
distillation, is simply behavior cloning (Rashidinejad et al.,
2021; Foster et al., 2024). The loss used for knowledge dis-
tillation uses a forward KL and is therefore mode-covering
(Gu et al., 2026), meaning it puts a high probability over
the teacher’s modes, potentially interpolating between them
(see dashed blue line in Figure 4). This is a general property
of imitation learning losses, specifically for a broad class
of losses stemming from f-divergences (Ke et al., 2020).
Thus, even given a perfect teacher, some of the student’s
probability mass could fall outside the teacher’s support
and therefore on incorrect answers. In contrast, typical max
entropy on-policy RL is mode-seeking relative to a perfect
teacher (Levine, 2018), which generally causes RL-trained
student to collapse its probability mass to a subset of correct
answers — see the orange line in Figure 4.

This intuition can be formalized, with proofs and extended
discussions delegated to Appendix B. Assuming a tempera-
ture of T = 1, regular knowledge distillation minimizes the
cross-entropy between a student and a teacher’s distribution,
which is equivalent to minimizing the mode-covering KL-
divergence D1 (pt|ps), with ps, p; denoting the student
and teacher’s output distributions, respectively. However,
sequence-level knowledge distillation is not clearly mode-
covering, as it first generates a set of completions using the
teacher and then trains the student on those completions.
This is shown to be a noisy approximation of the regular
mode-covering knowledge distillation loss.

Theorem 5.1. (Seq-KD is noisy regular KD) Denote
the teacher and student model distributions by p:,ps re-
spectively. The regular knowledge distillation (KD) loss
is Lkp = Dgr(pelps) = Ep [—log(ps)] — H(pe),
where H(p;) denotes the teacher distribution’s entropy
and we assume a temperature of T' = 1. The sequence-
level knowledge distillation (Seq-KD) loss is I:Seq, KD ‘=
|—é| Y wep —log(ps(x)), where D ~ py is a set of com-
pletions sampled i.i.d from the teacher. The Seq-KD loss’
gradient is an unbiased estimate of the KD gradient, such

that .
VLkp =Epep,[VLseq—kD]

Thus, the sequence-KD loss, which is typically used when
distilling different language models, has the same mode-
covering behavior as regular knowledge distillation.

In contrast, RL is mode-seeking relative to a specific distri-
bution. Specifically, assume a “perfect” teacher that places
uniform probability mass over all correct answers. Policy-
gradient methods like PPO (Schulman et al., 2017) and
GRPO (Shao et al., 2024b) modify the REINFORCE gra-
dient to allow taking off-policy steps, with the regular on-
policy REINFORCE gradient being E, [V log(p)], where
p is the policy’s distribution and r is the reward. Often an
entropy term is added to induce exploration, yielding the
loss E,, [V log(p)] + BH (p), where 3 is a hyperparameter.
When training models to solve math or coding problems by
reasoning over them, r is typically a binary reward of 1 if
the task is correctly solved and O otherwise. This reward is
thus uniform over all correct answers. This intuition yields
the following theorem.

Theorem 5.2. (Max-entropy RL is mode-seeking to a per-
fect teacher) Let ps denote a student model’s distribution
and p; be the distribution of a soft perfect teacher, where
pi(x) x exp(ar(x)) for some o, where r(x) = 1 (for cor-
rect answers) and 0 otherwise. Note that when o — oo,
then p; is uniform over correct answers and is a hard
perfect teacher. Denote the max-entropy RL policy gra-
dient as NV Lygxens = Ep, [V 10g(ps)] + SV H (ps). Also,
denote the mode-seeking (reverse-KL) distillation loss as
Liev—ir = D1 (ps|pt). For appropriately chosen o or 8
we have that NV L,4x-ent X V Lyoy_ K 1.

Thus, as the RL loss is based on reverse-KL, it induces
mode-seeking behavior.

Mode-seeking losses, as used in on-policy RL, enable mode
collapsed policies to achieve low loss, where the probability
mass is over some but not necessarily all modes (orange
line in Figure 4). However, mode-covering losses, as used
in distillation, require a wider support, which can result
in significant probability mass between modes being given
to incorrect answers (dashed blue line in Figure 4), lower-
ing pass@1 performance of models trained using distilla-
tion when compared to those trained using RL. Gu et al.
(2026) discusses similar intuition as well, showing that ac-
cordingly, mode-seeking on-policy distillation outperforms
mode-covering off-policy distillation.

The different behaviors of these losses also offer a specu-
lative explanation for why distillation consistently expands
a model’s reasoning boundary, whereas RL often does not
(Yue et al., 2025). Given a subset of problems for which the
base model has very little or no probability mass over cor-
rect answers, RL training may not increase the probability
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of generating correct answers, since its mode-seeking loss
does not penalize giving no probability mass to low proba-
bility solutions. In contrast, distillation would more readily
increase the low probability mass over correct answers to
these problems, since its mode-covering loss incentivizes
the student to cover all the modes of its teacher. Thus,
when sampled from many times, and when compared to
RL-trained models, distilled models are more often able to
solve problems that they could not previously.

It is through this mechanism — increased probability mass on
questions that the base model struggled with — that distilled
models’ pass @k performance can increase relative to RL-
trained models, despite a lower pass@ 1. The intuition for
this is as follows. For any given question in a dataset, ¢, if
the model has a probability p; of answering it correctly, then
its pass@1 for a dataset of just that question is also p;, and
its pass@k is 1 — (1 — p;)*. In a dataset of many questions,
total pass@1 and pass@F are the average of the pass@1 and
pass@Fk of each question. Questions a model struggles with
have a low p;, in which case pass@Fk per question can be
approximated as p; - k. Thus, higher values of k in pass@k
evaluations over the whole dataset amplify the probability
mass on questions that the base model struggles with, unlike
pass@1, whose value is dominated by questions where p; ~
1. In practice, pass@Fk better indicates than pass@ 1 how
probability mass is distributed across the correct answers
to questions in a dataset of varying difficulty for the base
model.

These results also indicate that, for the largest reasoning per-
formance gains through RL in practice, base models must
initially have sufficient probability mass over all desirable
regions of the answer space. RL with a poor base model (see
gray dotted line in Figure 4) would struggle to collapse to
correct answers if most of its mass lies in incorrect or narrow
regions. However, distillation does not suffer from the same
limitation. This underscores the value of proprietary LLM
reasoning traces in pipelines that seek to steal reasoning, and
aligns with observations in previous work that to maximally
improve reasoning, a pipeline should combine distillation
and RL (Guo et al., 2025a; Yang et al., 2025; Narayanan
et al., 2025). Distillation can be considered a cheap and
efficient way to expand a model’s reasoning boundary, al-
lowing sufficient probability mass to exist in desirable areas
for the base model, which subsequent RL training can then
reinforce to increase the model’s pass@1 accuracy.

6. Practical Implications for Stealing
Reasoning

The results in Sections 4 and 5 imply that RL training is
limited by a base model’s reasoning boundary more so
than its pass@1 performance. However, most existing de-
fenses against stealing reasoning are evaluated without using

pass @k metrics, failing to consider the impact of distillation
on a model’s reasoning boundary (Savani et al., 2025; Xu
et al., 2026; Li et al., 2025). The danger that then arises
is that these defenses can reduce a model’s pass@1 per-
formance gains without significantly affecting its pass@k
gains, thereby failing to prevent a student model’s reasoning
boundary from expanding and allowing the student to have a
higher post-RL performance ceiling. Crucially, subsequent
RL training on this student would likely yield a more capa-
ble model than without distillation, rendering these defenses
ineffective.

6.1. Pass@k Evaluations Better Indicate a Defense’s
True Efficacy Than Pass@1

A simple experiment can demonstrate how a defense that
seems effective with pass@1 evaluations before RL train-
ing can be evidently ineffective after RL, and illustrate
how, in contrast to pass@1, pass@Fk better indicates the
defense’s true efficacy. This experiment is performed on an
existing defense, namely, antidistillation sampling (Savani
et al., 2025). Antidistillation modifies the output tokens in a
closed-source model’s reasoning trace so that they remain
likely in the model’s output distribution, but would reduce
the performance of any distilled student model on a selected
downstream task. To achieve this, the defense selects a sin-
gle and universal student ‘proxy model’ to estimate which of
the likely tokens in the teacher’s vocabulary would increase
any student’s loss on the downstream task. The defense
provides a parameter to control the amount of poisoning
applied to the teacher model’s outputs — higher poisoning
levels are more effective defenses, but come at the cost of
reduced teacher performance, which we report as a relative
drop in the accuracy of the teacher’s generated traces.

To be an applicable and effective defense, antidistillation
sampling should disrupt performance gains from distillation
for all black-box students (students whose model architec-
ture is unknown, and which comes from a different family
to the proxy model) without incurring a high cost to teacher
performance. Recognizing this, Savani et al. (2025) propose
the use of Qwen2.5-3B as a proxy model, and demonstrate
its effectiveness at disrupting a Llama-3.2-3B (Grattafiori
et al., 2024) student model’s gains of pass@ 1 math reason-
ing capabilities from distillation.

Figure 5 (left) shows pass @£k evaluations of the same setup
as used by (Savani et al., 2025), with Llama-3.2-3B repre-
sentative of black-box students, where distillation with dif-
ferent poisoning levels is performed on the GSM8k dataset.
Pass@Fk evaluations are done with the same evaluation
framework as for 0.5B and 1.5B model architectures (see
Section 3). The results indicate that although the defense
reduces pass@ 1 performance, it is largely ineffective at pre-
venting the student’s reasoning boundary from expanding
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Figure 5. Pass@Fk evaluations of antidistillation sampling show that the defense is largely ineffective at preventing a student model’s
reasoning boundary from expanding. Results are shown for a realistic black-box student (left), where the student model architecture
is unknown and doesn’t match that of the proxy model, and for an unrealistic white-box student (right), where the proxy model in the
defense matches the architecture of the distilled model. For the black-box student, relatively degrading the teacher’s performance by 55
and 70% still allows the base model to achieve significant pass@#k gains, bringing it within 1.5% of the final pass@ 128 accuracy of the
unpoisoned distilled model. For the unrealistic white-box student, poisoning levels relatively degrade the teacher’s accuracy by 10% and
30%, and while the latter prevents the base model’s reasoning boundary from expanding, it comes at a high cost.

through distillation; even when the teacher’s traces are poi-
soned to reduce their accuracy by 70%, the student is within
1.5% of the pass@ 128 value of the distilled model with no
poisoning, gaining 4.5% compared to the base model.

This defense’s efficacy in a white box setting can also
be evaluated, as shown in Figure 5 (right). In this case,
the Qwen2.5-0.5B student matches the architecture of the
Qwen2.5-3B proxy model. These experiments exactly repli-
cate those for the 0.5B setting in Table 1, except that they
use antidistillation sampling to poison teacher traces. Re-
sults show that even in this less applicable setting where
student and proxy model architectures match, preventing
the base model’s reasoning boundary from expanding still
requires a large 30% reduction in teacher accuracy.

To investigate whether an expanded reasoning boundary
after distillation leads to post-RL performance gains, RL
training is done with the SimpleRLZoo framework (Zeng
et al., 2025) on the distilled Qwen2.5-0.5B models, with
and without poisoning level 1. Pass@1 performance is com-
pared on the same math datasets as used in Figure 2. Even
in this white-box setting, where antidistillation is more ef-
fective as a defense than in practice, the poisoned model
achieves higher average post-RL performance after 130
steps: 40.8%, compared to 40.6% for the distilled model,
with both outperforming RL training of the base model with-
out distillation (40.3%). Most notably, both models achieve
a 2.5% improvement on the hardest math dataset, Minerva,
compared to the base model using RL alone, which aligns
with theoretical observations: in post-RL evaluations, dis-
tillation facilitates greater improvements to the base model

on questions it struggled with most before. Thus, despite
reducing pass@1 gains from distillation before RL train-
ing, these gains are recovered after RL training, rendering
antidistillation ineffective.

More thorough experiments that perform RL on a wider
range of models and defenses are planned for our immediate
future work. Additional details of the hyperparameters used
in these experiments are available in Appendix A.8.

6.2. Pass@1 Metrics Fail to Indicate the Performance
Ceiling of Post-RL Training

While implied directly by theoretical observations in Section
5.1, and demonstrated practically in Section 6.1, a simple
illustrative experiment can further illustrate how pass@1
evaluations fail to capture the potential gains a base model
can achieve through RL training. This failure occurs be-
cause pass@1 does not indicate whether the base model
has sufficient probability mass in desirable portions of the
answer space.

Consider a multi-armed bandit (Sutton et al., 1998), trained
with the REINFORCE policy gradient (Williams, 1992). A
multi-armed or n-armed bandit is a setting in which a model
(the ‘bandit’) randomly selects from n possible actions (its
‘arms’) with probability p; for each action i. During RL
training, the bandit receives a binary reward from each ac-
tion with probability g;, allowing it to learn to take the best
actions, i.e., those that lead to the highest average reward.
The pass@1 accuracy of a bandit can be calculated as the
probability it selects an action that leads to a positive reward,
>, Pig;- The multi-armed bandit can be considered as very
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Figure 6. A bandit with initially low pass@1 accuracy (left) reaches a much higher pass@1 accuracy after RL training compared to a
bandit with initially high pass@]1 accuracy (right), illustrating the danger of using low pass@1 as a measure of the ineffectiveness of
subsequent RL training. Training runs are averaged over 100 trials performed in a 10-armed bandit setting with noisy binary rewards,
using the REINFORCE algorithm. In this setting, Action O gives a positive binary reward 80% of the time, Action 1 100% of the time,

and Actions 2-9 10% of the time.

roughly analogous to a language model selecting from a vast
set of possible reasoning paths to answer a question, each
with a certain probability of leading to the correct solution.
The bandit’s pass@1 accuracy thus represents a model’s
pass@1 accuracy on that question. In this setting, it can be
demonstrated that a bandit that initially has a low pass@1
score but sufficient probability mass on the best actions has
a higher performance ceiling after RL than a bandit that
begins with a much higher pass@1 score but lacks sufficient
probability mass on the best actions.

One such case is demonstrated in Figure 6, using two 10-
armed bandits. Here, the probabilities of each action
leading to a positive binary reward are always go = 80%,
g1 = 100%, and g; = 10% for all other i, where the best
action (with the highest average reward) is clearly Action
1. The first bandit achieves a high initial pass@1 of 69%
by beginning with py = 82%, and p; = 2% for all other 7,
initially favoring only Action 0. The second has a low initial
pass@1 of 26%, beginning with p; = 10% for all 4, but, in
contrast to the first, there is no prior bias against selecting
Action 1. After 10,000 steps of training with REINFORCE
and using a learning rate of 0.01, the initially low pass@1
bandit achieves a much higher pass@1 performance than
the bandit that began with a higher pass@1 accuracy.

To best match the constraints of training LLMs with RL,
this setting assumes a limited compute budget to illustrate
its point, without increasing the learning rate or the number
of training steps. One trivial example without this limitation
would be a model that begins with no probability mass
on Action 1 and therefore could never achieve a higher
pass@1 than 80% after RL training, even with unlimited
compute. While this experiment is a simplification, it is a
useful illustration of the mechanism through which pass@1
can be misleading.

7. Conclusion

This work demonstrates the importance of using pass@k
metrics to evaluate defenses against stealing reasoning. Re-
sults begin by clarifying conflicting conclusions in recent
work comparing the performance of RL and distillation
as standalone training methods for improving reasoning.
They demonstrate that LLMs of varying sizes can be trained
with RL to outperform those trained with distillation in
pass@1 math reasoning evaluations. At the same time,
models trained with distillation are shown to consistently
expand a model’s reasoning boundary. This evidence, along
with the mode-seeking and mode-covering nature of RL and
distillation, respectively, strongly suggests that the value
of reasoning traces from frontier models in pipelines that
steal reasoning lies in their ability to efficiently expand a
model’s reasoning boundary through distillation, thereby
increasing a model’s performance ceiling post-RL training.
This clearer understanding implies that defenses against dis-
tillation attacks that modify reasoning traces must disrupt
not only distillation but also any subsequent RL training.
More precisely, they demonstrate that a defense’s efficacy
against stealing reasoning with distillation must be evalu-
ated using pass @k metrics on the distilled models, which
better indicate the models’ post-RL-training performance
ceiling than pass@1. However, existing defenses mainly
rely on pass@1 evaluations (Savani et al., 2025; Xu et al.,
2026; Li et al., 2025). This is demonstrated to be misleading
for one such defense, antidistillation (Savani et al., 2025),
which fails to impede students’ pass @k performance gains,
despite limiting pass@1 gains. An initial experiment further
demonstrates that RL training can recover the performance
gains achieved through distillation, despite this defense. Fur-
ther experiments that perform RL training on a wider range
of student models distilled with various defenses are left to
future work, along with efforts to develop more effective
defenses against pipelines that steal reasoning.
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Impact Statement

This work aims to help defenders understand how reasoning
may be stolen in a realistic setting, thereby better evaluat-
ing and developing defenses. After consulting various Al
safety experts, we believe the information presented on the
nature of pipelines to steal reasoning is known to attackers,
and does not pose any substantial threat that could be used
for negative ends. Instead, insights are offered to defend-
ers to ensure that evaluations for defenses against stealing
reasoning consider the full scope of these pipelines.
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A. Additional Results and Experiment Hyperparameters
A.1. Distillation Hyperparameters

Distillation hyperparameters were selected following the setup used in Simple Test Time Scaling (Muennighoff et al., 2025),
which uses the Transformers Reinforcement Learning library (von Werra et al.). A learning rate of 10~° was used alongside
a weight decay of 107, as well as a cosine learning rate scheduler with a warmup-ratio of 0.1. Gradients were accumulated
in steps of 16, with a batch size of 1 per device. Models of size less than 7B were distilled on 1 A100 GPU, while those of
size 7B were distilled in parallel on 4 A100 GPUs. All distillation was performed over 1 training epoch.

A.2. Distillation Ablations

Further ablations were performed to investigate the effects of various design choices during distillation. These include the
ablations listed below, alongside their rough effects on performance measured on GMS8K.

* Distillation performed on teacher traces generated with a temperature of 7" = 1 marginally outperformed distillation on
traces generated with T' = 0 (+1%), and thus a temperature of 7' = 1 is used to generate all traces for distillation.

 Distillation was attempted over datasets created by sampling from the teacher either 1, 3, 5 or 8 times per question,
as well as with training for 1, 2, 3, 5, or 8 epochs. Increasing either of these marginally harmed the performance of
student models (—1%), and thus 1 sample of each question is used for distillation, and training done for 1 epoch.

* Distillation was attempted with rejection sampling, keeping only correct answers from teachers given either 8, 32 or 64
attempts to answer each question in the distillation dataset. This marginally improved performance (+1%) when 8
samples were used, but not significantly enough to surpass the performance of models trained with RL. For simplicity,
results are presented without rejection sampling.

* Varying teacher size marginally improved results by +1 — 2% when smaller teachers were used, aligning with literature
discussing the impact of a capacity gap on a student’s ability to learn from a teacher (Zhang et al., 2025a; Busbridge
et al., 2025), but never exceeding RL in performance. Understanding this capacity gap is not the focus of this work,
and thus, teachers of consistently larger sizes are used in distillation, which are also more representative of the use
cases in distillation attacks for stealing reasoning.

» Using different datasets of questions to generate the teachers’ reasoning traces for distillation was attempted, rather than
constraining the questions to match those used in RL. This had mixed effects. Model performance improved slightly
(+2%) when questions of a marginally harder difficulty were used for distillation on the 0.5B class of models, using the
hard rather than medium dataset of questions from SimpleRL-Zoo (Zeng et al., 2025). However, using the questions in
AIME (Veeraboina, 2023), GSM8K (Cobbe et al., 2021) or the dataset in Simple Test Time Scaling (Muennighoff et al.,
2025) to generate teacher traces decreased performance by up to 5%. Results are reported using the same questions as
in RL training for their higher accuracy and a fairer comparison.

A.3. Evaluation Framework

The LM Evaluation Harness (Gao et al., 2024) was used to implement evaluations on GSMS8K, Minerva, and MATH500
shown in Figure 2, and all models were evaluated with T = 0, given that it led to the best performance. Model answers were
extracted and compared to the correct solutions using the harness’s built-in implementation of math verify (Kydlicek et al.,
2025), assessing correctness of reasoning rather than confounding it with instruction following and formatting abilities as
well.

Pass@Fk experiments were done with a temperature of 7' = 1 on the MATHS500 and GSMS8K datasets, using the Python
implementation of math-verify (Kydlicek et al., 2025) to check the correctness of model responses. Pass @k calculations
were done by sampling 256 answers to each question for each model, ensuring that results at the maximum value of £ = 128
are statistically significant Chen et al. (2021).

A 4. Results at Larger Scales

Table 2 compares the performance of base models of sizes 14B and 32B trained with RL and distillation. Results show
that even at larger scales, models trained with RL typically outperform those trained with distillation. The performance of
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Table 2. Comparison of base models trained with RL and distillation at the 14B and 32B scales. Open-source versions of each model were
used and evaluated using the same evaluation framework as the 7B scale. All accuracies are at pass@1 with a temperature of 7" = 0.

MODEL GSM8K MATH500 MINERVA AVERAGE
QWEN2.5-14B-SIMPLERLZ00O 92.72% 94.39% 82.34% 89.82%
QWEN2.5-14B-DISTILL-DEEPSEEKR1  90.67% 89.40% 90.72% 90.26 %
DAPO-QWEN2.5-32B 94.39% 91.60% 94.74 % 93.58%
QWEN2.5-32B-DISTILL-DEEPSEEKR1  93.10% 90.20% 90.96% 91.42%

Qwen2.5-14B-SimpleRLZoo on Minerva is an outlier that remains to be investigated, as for all other models, performance
on Math500 and Minerva are very similar.

A.5. Additional Results for Pass@k Experiments

Figure 7 shows the results of pass @k experiments for models evaluated on GSM8K. While the main result that distillation
consistently expands the reasoning boundary as much as RL is observed in this setting, there are also some key differences.
For the 7B model, the results show that the base model performs better than the distilled, RL and teacher model. We attribute
this to the fact that this particular 7B base model is better than the teacher model for high pass@k. We leave an exploration
of the relative difficulty of the benchmark when compared to the performance of the base and teacher models to future work.
This phenomenon is not observed in the 1.5B and 0.5B settings, where the base model’s reasoning boundaries have room to

expand.
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Figure 7. Pass@k accuracy (%) on GSM8K of the base, distilled, RL, and teacher models across the model sizes in Table 1 (omitting the
Math-7B model outlier), done with a temperature of 7" = 1, sampling 256 answers to each question, and plotting k on a log scale. We see
results comparable to those in Figure 3 for the 0.5B and 1.5B models, but for the 7B model, we find that the base model outperforms the
distilled, RL and teacher models. We conjecture that this is because GSMS8K is not sufficiently difficult for this particular 7B model.

A.6. Response Length And Question Difficulty Correlation

Another hypothesis for why RL outperforms distillation is that distilled models, having learned from an out-of-distribution
teacher, struggle to self-correct errors in longer reasoning traces. This an instance of the curse of horizon in imitation
learning (Liu et al., 2018), where errors compound over longer trajectories when learning from a different distribution. To
test this, we examine whether accuracy degrades with response length more steeply for distilled models than RL-trained
ones on the Qwen2.5-7B base model, controlled for question difficulty.

Specifically, we use the Math500 dataset to test whether a correlation exists among the response lengths, question difficulty,
and the accuracy of the Qwen2.5-7B base models trained with RL and distillation. 32 questions are randomly selected of
each difficulty level in MATHS00, and each model is given 64 attempts to answer each of these questions. The responses of
each model are then grouped by difficulty level, yielding 1024 responses per group. Subsequently, the average accuracy for
each difficulty level is calculated across responses at length thresholds ranging from 500 to 2000 in increments of 50, and
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Figure 8. Comparison of accuracy on the MATHS00 dataset for varying response length thresholds for Qwen2.5-7B-SimpleRLZoo (left)
and for Qwen2.5-7B-Distilled (right).

compared.

Results of these experiments are shown in Figure 8, and demonstrate no meaningful correlations. The model trained with
distillation gets fractionally fewer answers correct than the model trained with RL, for questions of all difficulty levels.
Initial qualitative observations indicate that hallucinations leading to errors are more frequent in distilled models than in
models trained with RL, but this remains to be investigated in future work.

A.7. Explaining the Qwen2.5-Math-7B Outlier

Figure 9 presents the results of experiments conducted to understand the outlier behavior of the distilled and RL models in
the Math-7B setting reported in Figure 2. The accuracy of answers with and without Python code is compared for models in
this setting, alongside the base and RL-trained models from the 7B setting (see Table 1 for details). Results demonstrate that
RL performed through two different frameworks (Liu et al., 2025a; Zeng et al., 2025) undesirably reinforces the dominant
reasoning paradigm of solving problems with Python code in the Qwen2.5-Math-7B base model. Examples of its resoning
traces that use python to solve problems are provided in Figure 10.

A.8. Hyperparameters for RL Training with SimpleRLZoo

RL training was performed with the SimpleRLZoo framework (Zeng et al., 2025) on medium-difficulty questions. Interest-
ingly, these were the same questions used to generate traces for distillation, and still led to notable performance gains of
trained models. RL training was done on 4 A100 GPUs with an effective batch size of 1024. Hyperparameters used were the
same as those by (Zeng et al., 2025), with the only adjustments being to account for the use of only 4 GPUs, and reducing
the validation batch size from 500 to 256.

B. Proofs of Theorems

Theorems are restated here for convenience. Theorem 5.2 is taken from Levine (2018) with some modifications and
simplifications for our setting.

Note that Kim & Rush (2016) proposes using sequence-KD with beam search and potentially other sampling modifications,
which bias the effective teacher’s distribution. Here we assume no such modified sampling is used, as in practice, beam
search is rarely used with modern LLMs, and while rejection sampling or greedy decoding can be employed, in practice,
they do not change the qualitative results — see Appendix A.2.

Theorem. (Seq-KD is noisy regular KD) Denote the teacher and student model distributions by p;, ps respectively. The
regular knowledge distillation (KD) loss is Lxp = Dgr(pi|ps) = Ep, [—log(ps)] — H(p:), where H(p;) denotes the
teacher distribution’s entropy and we assume a temperature of T' = 1. The sequence-level knowledge distillation (Seq-KD)
loss is -Z/SequD = ﬁ > wep —log(ps(x)), where D ~ py is a set of completions sampled i.i.d from the teacher. The
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Figure 9. Accuracy with and without Python code for two Qwen2.5-7B base models and their RL-trained counterparts on Math500. RL
performed through two frameworks (Liu et al., 2025a; Zeng et al., 2025) undesirably reinforces the dominant reasoning paradigm of
solving problems with Python in Qwen2.5-Math-7B. In Qwen2.5-7B, where this behavior is not dominant, RL training eliminates it.

To determine the number of ways to arrange the letters of the
word “ELLIPSE,” we need to account for the fact that the
word contains repeated letters. The word “ELLIPSE” has 7
letters in total, with the letter “E” appearing twice and all
other letters appearing once.

The formula for the number of distinct permutations of a
word with repeated letters is given by:

\L
\frac{n!}{n_1! \cdot n-2! \cdot \ldots \cdot n_k!}
\]

where \(n\) is the total number of letters, and \(n-1, n_2,
\ldots, n_k\) are the frequencies of the repeating letters. For
the word “ELLIPSE,” we have:

\!
\frac{7!}{2!}
\]

Let’s calculate this using Python to ensure accuracy.
* " python

import math

# Total number of letters

n=7
# Frequency of the letter 'E’
freq.E=2

# Calculate the number of distinct permutations
num_permutations = math.factorial(n) //
math.factorial(freq-E)

print(num_permutations)

** T output
2520

The number of ways to arrange the letters of the word
“ELLIPSE” is \(\boxed{2520}).

To find the positive square root of the product \ (10 \times 15
\times 24 ), we can follow these steps:

1. Calculate the product of the numbers.

2. Find the square root of the product.

Let’s start by calculating the product \(10 \times 15 \times
24\):

\[

10 \times 15 \times 24 = 3600

\]

Next, we need to find the square root of 3600. We can use
Python to ensure the accuracy of this calculation.

** " python

import math

# Calculate the product

product = 10 * 15 * 24

# Calculate the square root of the product

square_root = math.sqrt(product)

print(square_root)

** T output
60.0

The positive square root of the product \ (10 \times 15
\times 24) is \(\boxed{60}\).

Figure 10. Sample reasoning traces from Qwen2.5-Math-7B that produce Python code and hallucinate the corresponding outputs. Both a
wrong (left) and a right (right) answer are provided to demonstrate that this is the dominant reasoning paradigm the model uses to answer

questions.
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Seq-KD loss’ gradient is an unbiased estimate of the KD gradient, such that
VLgp =Epp, [VﬁSeq—KD]-

Proof. Note that:

ID|
Epep, [Lseq—x D] = ﬁ ZExwt [—log(ps(z))] = ﬁID [Eynp, [ log(ps(2))] = Ep, [~ log(ps)].

Thus, as VH (p;) = 0 as the teacher is constant with respect to the student distribution’s parameterization, we have that:
VLkp = VEy,[—10g(ps)] = VEp~p, [Lseq— kD], thereby proving the theorem. O

Theorem. (Max-entropy RL is mode-seeking to a perfect teacher) Let ps denote a student model’s distribution and p; be the
distribution of a soft perfect teacher, where p;(x) x exp(ar(x)) for some o, where r(x) = 1 (for correct answers) and
0 otherwise. Note that when o — oo, then py is uniform over correct answers and is a hard perfect teacher. Denote the
max-entropy RL policy gradient as NV Lyayens = Ep, [rV log(ps)] + BV H (ps). Also, denote the mode-seeking (reverse-KL)
distillation loss as Lye,— 1, = D 1.(ps|pt). For appropriately chosen o or B we have that N Lygy-ens X V Lyey_ i I

Proof. Note that:
Lrev—KL = DKL(ps‘pt) = E;Us [_ IOg(pt)] - H(ps)-
As the perfect teacher’s distribution is p;(z) = exp(ar(x))/Z,, we have that:

Lieyv—k1 = Eps [—Oé?”] - IOg(Z(x) - H(ps)

Setting o = % and taking gradients completes the proof, as VZ, = 0. Note that the sign difference is due to Lyey— i 1, being
a proper loss that is minimized, whereas Lyax_ent, being a surrogate loss for a policy gradient, is maximized. O

Interestingly, the o — oo perfect teacher limit, where the teacher is uniform over correct answers, corresponds to 5 — 0,
where the max-entropy RL becomes regular reward maximization.
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